INTRODUCTION
This paper is devoted to the study of a system of partial differential équations modelling the two-dimensional motion of an electiically conducting incompressible fmid in présence of an eîectromagnetic field produced by eddy currents. Such a system involves a coupling between Maxwell's équations in the whole space and Navier-Stokes équations in the région occupied by the fluid. This problem is encountered in a large variety of industrial applications such as eiectromagnetic casting (See [1, 2] for instance) and eiectromagnetic stirring installations.
In this first part we are concerned with the existence and uniqueness of solutions of such a problem. In a second part, we shall investigate its numerical analysis. An outline of the paper is as follows : in Section 2, we describe the setting of the physical problem and the dérivation of the équations. In Section 3, we introducé some notations and briefly recall some basic tools. Section 4 is devoted to the proof of the existence of solutions using a fixed point theorem. Uniqueness of such solutions is proved in Section 5 under restrictions on the physical parameters.
THE MATHEMATICAL MODEL
Consider a set of three infinité cylindrical conductors A Q , A x , A 2 the intersections of which with the plane Ox x x 2 are denoted by O& O u O 2 respectively and such that their generating lines are parallel to the x 3 -axis. The conductor A Q is assumed to be made of an electrically conducting fluid while the conductors A l9 A 2 stand for one inductor surrounding the fluid, the loop being « closed at infinity ». The main goal of such a set-up is to generate Lorentz forces that either maintain the fluid in lévitation and/or create an electromagnetic stirring motion. The domains I2 O , /2j, f2 2 are assumed to be bounded, connected and of disjoined closures, i.e., Ö l O f2j = 0 for i ^ j, and their respective boundaries F o , F l9 F 2 are assumed to be smooth (C l say, cf. [3] for further précision). We shall dénote in the sequel n = n 0 u n l u n 2 , r = r 0 u r x u r 2 and we assume that the domain 12 0 is given once for all, i.e., we do not treat a free-boundary problem. Let us mention that we have restricted ourselves to three conductors for the sake of simplicity ; the model and the results presented in this paper can be generalized however to several situations where we have a large number of conductors.
Let us assume now that an altemating current parallel to the x 5 -axis flows in the inductor. This current is of a given frequency <ol2 TT and total intensity / === 0. The frequency is assumed sufficiently small with respect to the diameter of the conductors making it possible to neglect the current displacements in the conductors.
The commonly used physical fields for such problems are the magnetic induction b, the current density j, the electric field e, the velocity of the fluid u and its pressure p. Because of the geometry, we consider X5-invariant solutions, i.e., all the fields b, j, e, u, ... are spatially depending only on x = (x u x 2 ) e O? 2 . We seek all electromagnetic fields of the form : where x = (x ï9 x 2 ) e IFS 2 and ? dénotes the time variable and b(x), j(x), e(x) are complex-valued functions. By contrast, we assume that the frequency is large enough so that we can admit that only a time-averaged Lorentz force is responsible for the fluid motion. In this way, u, p can be assumed time-independent and real-valued.
In order to obtain the electromagnetic model we use Maxwell's équations and Ohm's law in each connected component of ü. If we assume that the current density j, which is vanishing outside O, is parallel to the x 5 -axis in all the domains 12 k , k = 0, 1, 2, we deduce from the Biot-Savart's law that the magnetic induction b has no x 5 -component and its behaviour at infinity is an O(\x\~1) with \x\ = (x 2 + x 2 ) 112 . Let e 3 dénote the unit vector in the .^-direction, we can write :
where b x and b 2 are the two components of b in the x x and .^-direction respectively. From the Maxwell's équation :
we deduce the existence of a scalar field <j> : 
n,
The velocity u is assumed to have no xj-component and we set U(JC) = (MjOO, U 2 (X)) the two components of u. By using the Ohm's law
where er = er k is the electric conductivity of the domain A k , k = 0, 1,2 and u = 0 in A x and A 2 , we conclude that e is parallel to the Xj-axis, i.e., e = e(x) e 3 and with (2.1) :
Clearly, to link j to </> it remains to dérive a relationship between e and </>. To do this, we use the Maxwell's équation :
in order to obtain curl (e + iw^) = 0 in fl .
This implies there are complex constants C k such that
Combining relationships (2.2), (2.3) and (2.4) yields :
The next step of the construction of the mathematical model consists in relating the unknown constants C k , k = 0, 1, 2 in (2.6) to the given total current intensity /. Let us impose that if the total current in Z^ is ƒ then its value is -/ in O 2 (which corresponds to a différence of 77 in phase). Moreover, we impose that the total current in 12 0 is zero. More precisely, we set
where \O k \ is the measure of H k . Now, assuming that div u = 0 in f2 0 and u = 0 on F o we have 
Let us define
If we eliminate C k in (2.6) by using (2.9) and (2.10), we obtain in /2jt, fc = 0,1,2. (2.13)
It remains, to achieve the electromagnetic model, to give boundary conditions. The interface conditions are deduced by interpreting the two first Maxwell's équations considered here in the sense of distributions and by assuming the non-existence of surface currents. Namely :
where [(//] = v^ext ~ ^int dénotes the jump of the function t// on F and -stands for the outward normal derivative, the vector n being the dn outward unit normal to 7". The behaviour at infinity is deduced from
Hence <t> (x) = O (log |x| ) when |JC| -• + oo. From potential theory we get : (<£, a, p) is a solution of (2.5), (2.13), (2.14) and (2.15) then (<f> + y, a t /3 + y) is another one for all y e C. This is natural since the function <f> has to be known only up to an additive constant. In order to fix this constant, we set
and we have, by using (2.10) and (2.4) :
Let us consider now the fluid flow problem in ü 0 . The fluid motion is governed by stationary incompressible Navier-Stokes équations where the body force term f is given by the Lorentz forces {cf. [4] ). After timeaveraging on a period T = 2 n/co, and using (2.1), (2.3) and (2.18), we easily verify that :
where <^i ? , <^; dénote respectively the real and the imaginary part of <£. We then obtain for the fluid motion équations :
where v > 0 is the kinematic viscosity of the fluid and p its density. Note that depending on physical requirements, condition (2.22) may be replaced by a slip boundary condition (vanishing normal velocity and tangential traction). Such a condition would be more adapted to a free boundary problem. The results stated in this paper can be straightforwardly extended to such conditions. 
we recall that in (2.23) we set u = 0 in O x U O 2 , I k and J k are given by (2.11), (2.12) in which / is a data of the problem.
Remark 2.1 :
We have restricted ourselves to the case of three conductors in order to simplify the présentation, the presented model can be straightforwardly generalized to the case of a set of N conductors where some of which are made of liquid métal, the central hypothesis being that the intégral of the current density j over the whole plane R 2 is zero. 
NOTATIONS AND SOME BASIC TOOLS

EXISTENCE OF SOLUTIONS
In this section, existence of a solution of problem (2.23)-(2.30) is proved by using Theorem 3.2. Naturally, the main task we are assigned is to choose a Banach space X and a compact operator T corresponding to our problem such that estimate (3.4) is satisfied.
We Proof : Let (0, a, /3) be a solution of Problem (4.2) 
It is clear that Problem (4.10)-(4.11) has a unique solution (cf. [8] ). Moreover, using regularity results for the Stokes problem (cf. [8] , the boundary 
The main estimate is given in the following resuit. where C is independent of A. Now, équation (4.13) implies there exists a unique p e Lo(/2 O ) such that (u, p) satisfies :
Hence, by multiplying by u and using Green's formula, we obtain 
Remark 5.3 :
As we have mentioned it in Section 2, prescribing a slip boundary condition for u instead of Dirichlet boundary conditions can also be considered. In this case, the Stokes problem can be written in terms of a stream-function/vorticity formulation whose standard regularity results {cf. [7] ) yield the same properties for the operator T 2 as those used for the proof of existence and uniqueness of solutions.
